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AES-7802 ERRATA SHEET

MOVING AVERAGE MODELS--TIME SERIES IN M-DIMENSIONS

Page 1, Abstract, line 2, insert (see Box & Jenkins, 1976) after “well known.”

Page 2, line 4, E(z ) should be E[z ] .
x,t x,t

Page 2, Eq. (1.2), brackets are missing in EEaX,~
a
X+fl ,t_kl

Page 3. The following should appear as a caption below the figure:

~xl 
,x
21 t

=
~~~~1 n1—-2 k~i 

n
1
,n
2
,k x 1

+n
1 ~~2

+
~2 

,~ _k
+aX1 ,X 2 

,t

spatial order four in direction x1, 
order two in x2.

“Whether or...” should begin a new paragraph.

Page 3, line 2 from bottom of page “at” should read “as.”

Page 4, line 1, a comma should p~ec~~~ F
m and a comma should follow B

~~
1

Page 4, line 14, should read X Si
,

Page 9, insert following Eq. (2.1.9) “Further since p01
p
11 

(p
1~
a~)/G~ ,

then we find 0
1
=(0

2
p~~)/p11 

and in terms of p01 
and Pu 

only,

I 2 214 (p
01
+p
11
)

= 
2 2 (2.1.10)

2 (p~~+p11
)

The advantage of (2.1.9) over (2.1.10) is that 0
~ 

and 02 are unambiguously

determined by p
10

, p
11
, and p

01
.” Also change original (2.1.10) to (2.1.11).

Page 10, following (2.2.3) insert “Note p 11
=p
11

, because of the sym—

metry of the autocorrelation function in is dimensions.”

Page 1.1, line 15, add after “implies” “10 j<i , again in agreement.

Finally , with e2=efo we obtain the MA(2;0,0) MA (2) process of Box
and Jenkins, and (2.2.5) implies...”

Page 11, line 5 from bottom, add “In (2.2.3) p~~~p 11 
due to the symmetry

of the autocorrelation function in m dimensions.”

(over)
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Page 14 , following (2 .4 .3 ) , add “Note p 11 p 11.”

Page 16, following (3.1.2), add “Note

Page 16, following (3.1.3) , add “Note

Page 18, line 12, after “zero” insert “Note 
~101 ~—lol’ ~o1l~~O—11

’

and 
~llO~~l—lO~

Page 20, line 13, following “autocorrelations” add “Note that

~lOl~~—lOl’ ~
‘Oll~~O-.ll’ ~

‘l10~~l—lO
’ ~1ll~~—lll’ ~l—11~~—l—ll

Page 21, line 17, should read “eralize to m dimensions under proper

restrictions.”

Page 22, add the following reference:

Taneja, V., & Aroian, L.A. (1977). Time series in m dimensions,
autoregressive models.
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MOVING AVERAGE MODELS--TIME SERIES IN M-DIMENSIONS

D.A. Voss and C.A. Oprian

Department of Mathematics
Western illinois University, Macomb , I ll inois

L.A. Aroian

Institute of Administration and Management
Un ion  College and University , Schenectady , New York

ABSTRACT

Stocha stic models for d iscrete time series in the time doma in

are well known but such models lack consideration of spatial de-

pendency. We expand on their work by constructing spatially depen-

dent moving average models. Definitions of order , stationarity ,

invertibility , autocorrelation function , and spectrum are made as

natural extensions of those in zero dimensions and are implemented

in the one and two—space dimensional models.

1. INTRODUCTION

We describe a general linear stochastic model which supposes

a time series to be generated by a linear aggregation of random

shocks at various temporal and spatial locations. Letting x = 
- - - 

p

Cx ,x , .  . . ,x ), an rn—dimensional vector, the general Moving ~‘~~ °‘~ V
1 2 m

Average (MA) model of rn-dimensional time series is defined by 

~J,j1r ~~
1 Dist 1L .;>‘~r ~i’.C~4.

_ _  ~HL~
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Zx, t  = 

n=-~ k=1 
n,k x+n,t—k + 

~~~~ 
(1.1)

where n = (n1
,n 2

,. . . ,n), ~ denotes the repetitive 5: over each

component of a (i.e., ~ = ... ~ ) ,  and z = z
n=—~ n =—~~ n =—~~ n =—~~m 2 1

E(Z x ,t
) is the deviation from the mean. The white noise process

a
x t  

may be regarded as a series of independent random shocks which

drive the system, so that their autocovariance function is:

~ 2 n=O and k=O

~ n ,k 
= E a X~~

a
X+fl~~..k

= 
a (1.2)

0, otherwise

and hence the autocorrelation function of white noise has the par-

ticularly simple form

1, n 0  and k=0

p = (1.3)
n,k 0, otherwise

We also assume that is a weakly stationary process , i.e.,

E[~
2 

] < and E[z ~ J 0 . (1.4)
x,t x,t

1 
y,t

2 
z x—y Id t

1
—t
2 1

In this paper we explicitly focus our attention on the special

case of (1.1) in which only a finite number of the coefficients are

nonzero, that is:

~ x,t 
= 

J-p k=l n,
k x+n,t-k + 

~~~~ 
(1.5)

If in equation (1.5) all of the coefficients, 
~n,k’ 

are nonzero,

the process is called moving average of temporal order r and spa-

tial order Pj + q
j 
in each space direction x~ , 1 

~ 
j ~ m . For

example , letting m = 2, p = (2,1), q (2 ,1), and r arbitrary , we

have the following representative scheme:

- -~~--~~_-- -- ~~~~~~~~~~~~ -~~~~~~~~ ~~:~~~~~~
-- -~~-~~~~~~~~ 

-
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x
2

I~
.

x x x x

: :
X
1.

X
f

t 
~~l n 1~

-2 k~ l
n
l~
0
2s k x

l
+n

l
,x
2
+m

2~
t_k x

lsx2~
t

~;pati a1 order fou r in direction x1, order two in x
2
. Whether or

not all  the coeff icients  are nonzero , it is easier, from the anal-

ysis viewpoin t , to represent the process (1.5)  in terms of shift

operators. The backward shift operator in time , 
~~ 

is defined

by

B~~ = zt x ,t x , t — l

while t h e  backward and forward sh i f t  operator s in spatial direc-

tion x . ,  denoted by B and F respectively, are defined by
i i

B I ~~zx . x,t x—& ,t
1 1

(1<i<M)
F z z
x . x ,t x+ó ., t

1 1
1, i =j

where 6 . = ( 6 .  , 6. , . • . ,  6. )and ~~~. =
1 11 12 im 1] - -0, i

~~
j .

Powers of these operators are defined in the usual manner , for

example ,

2—  — —• B z = B  (B z ) = z
x. x ,t x. x. x ,t x—2 6., t
1 1 1 1

• In addition , we note that the operator is the inverse of Fx
that is, B

1 
= F . In terms of these shift operators, the

process (l.~~) can1be reformula ted at

Z
X~~ 

= (1+ ~ ~ ~n,k
F
x 
B~) ~~~~ 

(1.6)
n=—p k—i
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where (V 1
. F

2
, . . .F

rn
) = (B

1
5

2
, . . . ,B

m
)

and Fn Bk 
= B ‘B 2 .B mBk

x t x x X t

Defining q r
‘I’(B .B

~
) E 1 + ~ ~~ k~

’
~~~t 

( 1.7)
x n — p  k=l

the moving average process

= P(B ,13 )a (1.8)
x ,t x t x,t

can be thought of as the  output 
~ x,t 

from a l inear filter with

t r a n s f e r  func t ion  ~V ( B  , B ) when the input is white noise a •x t x,t
Since the expression for ‘Y(B , B )  is f i n i t e , no restr ict ions are

needed on the parameters 
~n,k 

to ensure stationarity . The in—

ver t ihili ty  condition for the moving average process may be ob-

tained by writing (1.8) as

-l
a ~‘ (B,B)z
x ,t X t X ,t

Extending the results of Box and Jenkins it can be shown tha t , for

invertibility , ll(B .Bt
) = M

~~
’(B .Bt

) must converge on K S~ ,

where 
—

S0 {B
t:IB t (

~
lJ

S • = {n : J B  1<1)
-i x . x. -

1 1 (l~~i~ m)
S . = {F : IF I~

i}
1 x . X .

1 1

The autocovariance function of a MA process may be obtained

by multiplying through (1.6) by 
~x—~ ,t—k ’ 

where L = (L
1

, .~2 , . . . ,  L )

and t ak ing  expectations. A more convenient way of obtaining the

autocovariances is often via the autocovariance generating function

y (B
~~

B
~

) = 

~~~~~~~~~~~~~~ 
(1.9)

in which it is noted that y00, the variance of the process, is the

coefficient of B0B~~~l , while is the coefficieit of both

J — ~~~~~- - -~~~~~~ — —
~~~~~~~~~~~~ 

- - 
-~ 

- 
~
— -- - 

-~~~~~~~~~~~
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2, k — i — kB II and of B B ; as in Box and Jenkins , i t  follows that
x t  x t

y(B u 13t
) ? V (B sB

~
) ‘V (F ,F). (1.10)

The autocorrelation function in m dimensions is symmetrical in

each variable.

It  can be shown that if we substitute = ~~~~~~ and

B = e~~
2
~~
], where ~ = /~T and l�j~m , in the autocovariance

)
generating function (1.10), we obtain the power spec-

trum . Thus the spectrum of the MA process is

p (g ,  f) = 2 o 2 
‘V (

i21tg i21T f
) ’ V (

i21rg~~~i21I f ) (1.11)

= 20
2

1’V(~~
i21T~~~~ i27rf

)1
2

where 0<f ~ ½ , 0�g . .(½ (l<j�m) , and ‘V ( c
12

~~~,e
12hTf ) = I Y ( e~~~

2
~~~1 ,

—i211g2 _i2iTg~ —i2lTf
, .. . , e , e ) .

In sections two and three we analyze one-dimensional and two-

dimensional models, respectively . In both sections we have fo-

cused on models whose spatial and temporal orders do not exceed

two . Section four contains some general remarks and indicates

areas where more extensive research is needed . The following the-

orem generalizes a corresponding result for MA in zero dimensions.

Theorem : If the conditions for invertibility are satisfied , then

every finite MA process in m dimensions may be ex-

pressed as an infinite AR model in m dimensions .

2. ONE-DIMENSIONAL TIME SERIES

In this section we consider moving average models of one—

dimensional time seric.- - with temporal and spatial orders not

exceeding two. Fo: ~‘nvenience and easy reference we let x x 1
,

and denote by MA (r;p
1
,q
1
) the moving average model for one-

dimensional time series of temporal order r and spatial order

recall that p
1 
and q

1 
denote the maximum powers of the 

—~~- -~-
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operators B and F occurring in (1.6), respectively . This nota-

tion is an attempt to be consistent with that in Box an~ Jenkins ,

who analyzed zero—dimensional time series with moving average

models of various temporal orders , that is, MA (r)—MA (r;0,O) ; this

equivalence means that since the max imum powers of the spatial

operators are both zero, and B° F° 1 (identity operator), we

are virtually looking at the same point at different times.

Formal ly, from (1.6) we find that

q1 r n
2x , t 

= (1÷ ~ ~~ ,kFX Bl~ ~~~~~ 
(2 . 1)

k= 1 1

Thus with p1=q1=0 , we obtain

Z
x t  

= 
~
ix , t~~ Ol a~~,~ _i~~ o2 

a
~ ,~~_2

+. 
~~

‘Or 
a
x,t_r

. ( 2 . 2 )

Deleting the first subscript in each case, as depe~d~; on ly oi:

t , results in the zero—dimensional movin g average model in E~OX and

Jenkins , namely :

= 
l~~ _ l+ 2

a
~_2~~ 

.+l~J a .  (2.3)

There are five general “spatial”  models described by (2.1)

where l~p1+q1�2; we represent these diagramatically below , where

order refers to the spatial order :
x-l x

MA(r;1,0): First order backward

x x+l.
MA (r;O,1) : First order forward

x—l . x x+l
MA( r ;l ,1): Second order forward-backward —.-——--------.-— -— — - ‘  -

x-2 x—l x
MA (r;2,0): Second order backward ——-. ______

x x + ]  ~~~~MA (r;0,2): Second order forward

As indicated previously, we will restrict our attention to the

cases r=l,2; this results in a set of ten models of which we will
analyze a subset.

_ _ _ _ _



7

2.1  The model MA (l;l,O ) .  From equati’ ( 2 . 1)  we obtain

~~~~~~~~~~~~~ n , k
F
X
1
B
~
) 
~~~~ 

(2.1.1)

= a
~~t

+tt
0, 

a
~~ t..i

+
~~ 11 

ax_l,t l
.

For convenience , and to indicate that we are using a finite set

of weigh t parameters , we change symbols , letting ~j~~1 ~~~~~~~~~ 
and

i~~~11 
=_ 0

2
. Then (2.1.1) becomes

‘
~~ = ( l— ()  B — e 8 B )a =O(B ,B )a . (2 . 1 . 2 )
x,t i t  2 x t  x,t x t x,t

Multiplying through (2.1.2) by ‘

~x—~~,t-k 
we ge t

Z~_~ t_kZx, ~~~~~~~~~~~~~~~ ~~k
a
X , ~ 

O
l
zX_~ ,~~_k

a
X , t_1

_O
x_~~,t_k

ax_l ,t_l

(2.1.3)

On taking expected values in (2 . 1.3)  we f ind  the variance of

the process is

boo 0 (1 +0
~~
0
~~
0
~ 

(2.1.4)

and

2 2 2
Yol~~ °1

0
a~ 

110 
O
l
O
20a~ 111~~

O
2
0a~

while all other autocovariances are zero. Thus the autocorrelation

funct ion is

p
01
= , p

10
= 

l+O~+~~ 

p11= i + e ~
’ (2.1.5)

all other being zero.

To illus trate the technique of obtaining the autocovariances

using the autocovariance generating function (1.9),

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2. 1.6)

—
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u h . t  it i t  ‘ 1  I n i  fl C J . 10) y I e l d  inq

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
( i_ 0

i
I3
~~

1_ 0
2

B ’B
~
’) (2 . 1 .7)

2 
[—0 B ‘~B 1+0 0 8 1_U B l+( 1+ 0 2 +0

2 )a 2 x  t 1 2 x  i t  1 2

— O  B +0 0 B — e  B B Ii t  1 2 x  2 x t

Comparing (2.1.7) with (1.9) and noting that y.1~~ ‘
~1i,

‘
~
‘
— i() ~ 1O’ and 1o-i vol’  we obtain the same results as listed in

(2.1.4).

Substituting B e ~~
2
~~ and B

t
e 

i2lTf 
into the autocovariance gen-

erating function (1.9), with ‘V (B ,B ) as in (2.1.6), we obtain one
x

half of the power spectrum. Thus the spectrum is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2.1.8)

2 — i2 f f f  —i 2 lT g  —i2irf 2
=20 11— 8 e —e e I

=202 [l+O~ +O~ +201
O
2
cos2~g

— 2{O
1
cos2JTf+O

2
cos2Tr(f+g) Ii

0~ f �½; 0~ g~~

For inver tibility , the generating function I1(B ,B
~
)=O

1
(B ,B

t
)

must converge for lB
~~

I�1 and I B~ I~ 1. Since

ll(B ,B
t
)= I1_ (O

1
+0
2
B
x
B
t1

1
=
j~ 0

0
i
+U

2
B
x

3B
~~

we see that for invertibility,

10 +0 B 1<1 and 8 Si.1 2 x  x

Consequen tly ,  the parameters of the MA (1;l,O) process must satisfy

101 1 +102 1 <1 to ensure invertibility . If the autocorrelations are

known we can solve for the parameters 0
1 

and 0
2 

from equation

(2.1.5) even though they are nonlinear; for other models we may

— _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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need to use an iterative process. In the present case,

_p
lo —P10C) = , 0~ = — (2.1.9)

1 p
11 p

01

If any of the autocorrelations are zero, then from (2.1.5), 8
1

or is zero, the model reduces to the zero dimensional case

and we need to solve a quadratic equation for the nonzero

parameters.

Fi nally , we wish to point out that the analjsis of the forward

model MA (1;0,l) given by

k=l n
ls k x t x ? t 

(2.1.10)

=a
~~~

+
~P01 

ax ,t_ l +i
~

i
ll 

a
~ +1,~~_ 1

= (1—R B —0 F B )a
It  3 x t  x,t

~
b
ol

0
l~ ~l1

0
3

is very simi lar to that of the MA(l;l ,0) model. The results are

analogous with the paramter 0
2 

replaced by 0
3 

and the operator B

replaced by F .

2.2 The model MA(2;1,O). From (1.6) we obtain

• 

~~~,~~
=( 1+

~~~~~1 k~~l
tpn i ,kF:1B

~
)a

x ,t (2.2.1)

=a
~~~

+Ti
~01 X,t_l~~

’_ ll X_l ,t_l ’_ 12 x_ 1 ,t_2 02 x,t—2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

=O(B ,B )a
x t x ,t

where 
~~~ ~~~~~ 

tti_ 11 ~
0
2~ L’..12 

=—O
3~ 

and 
~
‘02 

9
4

I

ti
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Substituting into the autocovar iance generating function results
in

y (B  ,B )=0 2 ( l_ 0  B —0 8 B -0 B B2—0 B2)
x t a i t  2 x t  3 x t  4

(1_0
~
B
~~

’
~
0 B 1— 8 B 1B 

2~ Ø B 2
t 2 x  3 x  t 4 t ~~~

Multiplying out this expression and comparing the result with (1.9)
we find the variance of the process is

I =o2= (1+e~+e~+e~÷o )a2 (2.2.2)
00 z

and

I = (—0 +0 0 +0 0 )02, I = (0 0 +0 0
01 1 2 3  1 4  a 10 1 2  3 4 a

111 (0 +0 0 )cY2 Y_1f 02
0
4

tJ~,2 1 3 a

2 _ _ e~~~
2

102= 0 40a ? 
~12 3 a

while all other autocovariances are zero. Thus the autocorrelatiori

function is

—0 +0 0 +0 0
P01 1 2 3 1 4 , P10 

0
1
0
2
+0304

1+O~+0~+0~+0

( 2 . 2 . 3 )

p
ll= ~~~~~ = 

0
2
0
4

i+o +O~÷e~+e~

~04 , ~03
~o2 

~~~~~~ ~~~~~~~~~ 

P12’- 
l+0~+0~+0~÷0~

From (1.11), the power spectrum for this model is given by

p(g,f)=2G
2
~ l 

— i2i~f —i2’Trg —i2’TTf —i2lTg —i41%€ —i4Tt f
1
2

a 
—0

1
e -0

2
e e —0

3
e e —0

4
e

0< f<~~; o<g~~ 
(2 . 2 . 4 )
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For invertibility, fl(B ,B )=®
1(B ,B ) must converge for

x t x t
lE t Isi and IB~ JS1. Equ ivalently, the roots of

O(B ,B )=1— (0 +0 B ) B  — ( 0  +0 B )B2
x t 1 2 x  t 4 3 x  t

must be outside the region lB~ IQ and IB~ k1. Hence the param-

eters must sa t i s fy :

~~ 0~+ 03
+ 04_<1I — 0

l
_ 0~+ 03

+ 04�1~
(2 .2 . 5)

0
1
_ 0~— 0~+8~~1, 

_O
l
+0
2
_ 0

3
+0
4
51.

10 3 1+ 10 4 �l.

Note that as a consequence of these inequalities it follows that

10 1 1+ 10 2 
�2.

Setting 0
3
=U
4=O~ 

we obtain the model MA (1;1,O) discussed pre-

viously . From ( 2 . 2 . 5 )  with 0
3
=0
4
=0 we obtain I0 11 f I 0 21’l , wIi~.:Ii

agrees with the invertibility condition for the MA(l;l ,0) model.

In addition, note that with 0
2
=0

3
=0
4
0 we obtain the MA(1;O,0)

—MA (1) process of Box and Jenkins, and (2.2.5) implies

0
1

+0
4~

l . 0
4

_ 0
l~~

l
~ 

04 kl ,

which is also in agreement. If in (2 . 2 . 3 )  the autocorrelations arc

known, we get a nonlinear system of six equations to solve for the

parameter 0~ , 1,fi�4. Certain dependencies exist among the auto—

correlations as in the previous model, and the resultant system

may be solved iteratively .

2.3 The model MA (i;2,0). From (1.6) we obtain

n
1
=-2 k=l

f
l~

k x t x,t (2.~~.t )

~
.a
~~t

+IiJoi a~ ,t_ i
÷
~ _ i1 ax_ I , t_ 1 $

~~_ : 1  a5_2,~ _ 1

~~~~~~~~~~~~~~~~~~~~ ~_1
_O

3aX_~ ,~ _ l

f
4
~ 

_ _ _ _ _ _ __ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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= (1— O
i
B
~
_ O
2
B
~
B
~
_ 03B

2B
~
) a

=O(B ,B
~
)a
~~~

where ~~~ ~~~~~~ ~~~~~~~~~ ~~~~~~~~~ 
and 

~—2i 
~03• 

Substituting into the

autocovariance generating function we find

y (B ,Bt
) =~

2 (1_ O
iat

_ 8
2

B
~

B
t

_ e
3B

~
Bt

)

(l_0
i
B
t
’_O

2
B

1
B
~
1_0

3
B 2

B
~
1).

Multiplying out this expression and comparing the result with (1.9),

we find the variance of the process is

~~~~~~~~~~~~~~~~ 
(1+0~+O~+0~) o~

( 2.  3 . 2 )and 2

~1l~~
°2~a

2 2
Y10=(OlO2

+O
2
O3

) O
a~ 

•Y
21=—03o

Y2O 0
l
0
3
0
~
,

while all other autocovariances are zero. Thus the autocorrela-

tions are given by

p
01= 

~~~~~~~~~~~~ 
~ 
p
11= 

i+e~+:~+e~ 
‘

(2.3.3)
0
102

+8
203 ~03

‘)10 ‘ ~2l i÷e~+o~+o~

0
1
0
3

‘~2O

— -- — -—-

~-.—-- - -  — - .  -,-—--- ---~~~~~~~~~~~
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From (1.11), the power spectrum for this model is given by

2 — i2 it f — i2 n g  — i2 ir f —i471g —i2 ’rt f 2
p (g , f)=2cl

a
Jl_ O

i
e —0

2
e e —0

3
e e (2.3.4)

0 �fS½; ~~~~~~

For invertibility, fl(Bx~
B
t
)O

1
(B
x~
B
t
) must converge for

IB~kl 
and B I�1 . Since O(Bx,Bt

)=1_ (0
1
+0

2
B
x
+0

3
B
~
)B
tl inverti-

bility is ensured if tO +0 B +0 a2 j < i  and lB <1. Thus the param—
1 2x 3 x  x

eters must satisfy

I 0 1
+0

2
+0

3
I < 1

~ I 0 l
_ 0

2
+0

3 1’l I

0 0
2

and if < 1, then j 0 1
_ 
~~ 

< 1.

2.4 The model MA(i;1,1). From 1.6 we obtain

k=l
n
l~

k X t x 1 t (2.4.1)

=a
~~~

+tPoi a
~~,~~_ 1+

~P ..j i ax_ l, t ...l+tl) ll ax4l , t_ l

=a
~ ~

_ O
1
a

~~, ~_ 1
_ (

~2
a
~ _ 1 ,~~_ 1~

O 3a
~ +1, ~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

O (B , B~ ) a

where 
~Ol =

~~~~~ .‘ ~~~~~~~ ~~~~~~~~~ 
and p 11 ~~~~~ 

Substituting into the

autocovariance generating function

I (B~
,B t )=o

~~
(l_ 8lBt

_ O
2B

~
Bt

_ 0
3B;’Bt

) (l_ OiB;’_ o
2B~

’Bt
’_ O

3B
~

Bt’) ,

and comparing with (1.9), we find the variance of the process is

I00
zcJ

~
= (l+O~+0~+0~ )o~

and
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y
01=— 0~o2 , 111

_ 02 02 ,

Y1o
(0
1
8
2

+ 0
1
0
3
)0
~~ 

Y j1
_ 0

3
O
~

l 
(2.4.2)

~2O ~2 
0
3
02,

while all other autocovariances are zero. Thus the autocorrela—

tion function is

— 

— 
— 

_ 0
2

01 l+6~+8~+ O~ 
11 i+0~+0~+0~

(2 .4 . 3 )

— 

0
1
(0
2
+0

3
) 

— 

0
3

~10~ 
i+0~+0~+0~ 

1.1. L+0~+0~+0~

= 

0~G~ 

220 1+O~+O~+O3

From (1.11), the power spectrum is given by

2 — i2lTf —i2lTg —i2lTf i2iig —i2 lrf 2
p(g~ f) 2G~ l— 0

1
e —0

2
e e 0

3
0 e (2.4.4)

0�f<½ ; 0�g~~.

1
For invertibility , I1(B 

~
B
t
)a
~
O
1 (B 

~
B
t
) must converge on X S.;x x 1=— i

since
O(B

~
,Bt

) l_ (O
i

+O 2B
~

+O
3

F
~

)B
t , we obtain

101
+0
2
+8

3 1 <1, l 0 1
+0 2

_ 0
3 t < l

~

l0 1
_ 8

2+03 1<1, (0 1
_ 0

2
_ 0

3 1<l I

or,equivalently, 101 I ÷ 1 0 2 1 + 10 3 1<l as conditions on the jiarameters.

3. Two—Dimensional Time Series . In this section we con!~ider

MA models of two—dimensional time series with temporal and spa tia l

orders not exceeding two. For convenience, we let x=x
1

, y y
1 

and

- --—-
~~~~~~~~~~ ~~~- ~~~~~~~~~~~~~~~~~~
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denote by MA (r;p,q), where p= (p1
,p
2
), q= (q

1
,q
2
), the MA process

of temporal order r and spatial order p1
+q

1 
in the x—direction

and p
2
+q
2 

in the y-direction.

Fr om (1.1) the general model has the form

Zx y t  
n2~-~ 

n1 —~ k=l
f
l
,n
2.
k
~~~

nl~~~
n2I t x

~
YD t 

(3.1)

The special case of (3.1) in which only a finite number of the

coefficients are nonzero results in

r

Z
x y t  ~ k~ l~~ 

~~ ,k
a
X+fl ,y+n

2
,t_k

+a
x ,y , t~ 

(3.2)
n . p n — p 1

or ira terms of shift operators,

q2 q1

~ 
F 1F 25k)a

x , y, t — — ~~~ 
n1 ,n~ ,k x y t x ,y,t

~‘2 ~2 ‘~l ~l 
— ( 3 . 3)

~~‘(B ,B ,B )a
x y t x ,y, t

in addition to the zero—dimensional model corresponding to

p=q=0, and the ten one-dimensional models in each direction re-

sulting by letting p
1
=q
1
=O or p

2
=q
2
=O , there are fifty general

“spatial” model.; described by (3.3) where 1-p . +q .’2 , i=l ,2, and

1~r~2. In what fol lows, we examine three such models.

3.1 The model MA(l;l,1,0,O). FroSt (3.3) we obtain

• - 

Z
~~~~~ t

(l 
n 2~ -1 n1

Li 
~~

1
~ fl1

,n 2kFX Fy Bt~~ X ,y , t (3.1.1)

001 
a

~~,~~,~~_ 1+
~ _101 ~~~~~~~~~~~

+
~~~~~~~ 

ax ,y.l,t..l
+tP_ 1 .lj ax l,y .1,t_ l

—e a — e a -0 a
x ,y , t 1 x ,y, t—1 2 x— l ,y, t—1 3 x , y — l , t—l

—0 a3 x — 1, y — l , t— l

B -o B 8 -0 B B -e B B B )a
i t  2 x t  3 y t  4 x y t x ,y , t
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=0(8 ,B ,B )ax y t x ,y , t ’

where 
~~~~ 

=_ 0
l~ ‘

~
‘—1 0l 

=_ 0
2? 

~~~~~~~ 
=~ 03~ and tJ~ 1_ 11 = 0

4
.

Substituting into the autocovariance generating function

y(B ,B ,B )=0
2(1_ O B -0 B B -0 B B -0 B B B ) X

y t a i t  2 x t  3 y t  4 x y t

(l_ e
1
B
~
’—0

2
B 1’—e 8 1B ~‘— e B

1
B

1
8
1

t 3 y  t 4 x  y

and comparing with (1.9), we find the variance of the process -is

(1+ o2 ÷Ø2~ ~2+ 02) ~2z 1 2  3 4 a
and

y001=-01c~ , Yioo
=(0

~
0 4~0 0 )Ø

2
2 3 4  a

Ilof~~
02O~~ 10l0

(O
l
O +0 0 )~

2
3 2 4  a (3.1.2)

~
‘l10 01

8 02
4 a

Y1ll
=_ 0

4
0
~ 

sYl_l0
0
2
0 ~

2
3 a

while all other autocovariances are zero. Thus the autocorre-

lat ion function is give n by

_____________ 

0182 +8384
2 2 ’pool = 

l+0~+0~+0~+0~ 
100 1+0~+O~+O3+84

_ 0
2 

0
1
0
3
+0204

10]. l+0~+0~+0~+0~ 
010 i÷~~ +O~÷O2+82 

‘ (3 . 1.3)
3 4

— 0 3 9104
2 2 ’p011. 

~~~~~~~~~~~~~~~~~~~~~~~~~~ “° 1+0~+0~+O 3+04

=0 4 ~2~ 3p1~~ ‘ ~D110~

— i2ltgj —i27rg2 —i2iif
On substitutinq B =e , B ~e , and B e into

x y t
(1.11), we find the power spectrum of the process is given by

p(g , f)=2 0 2 1 1— ( 0  — 
—i211g 1 i2iig 2 — i2flg 1 —i2 11g 2 —i2 11

a ~ 
02e — 03e — 0

4
e e )e

(3. 1.4)
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For invertibiiity,

l l ( B  ,B ,B )=0
1
(B ,B ,B

x y t x y t

[ i - C e  +0 B +0 B +0 8 B )B ~~~1 2 x  3 y 4 x y  t
0

must converge on X S.. Hence , the parameters must satisfy
i=— 2

N) +e +0 +0 l<i , tO +0 — e — 0 1<1,
1 2 3 4  1 2 3 4

l0
l
_0

2
_ 0

3
+0
4

t<l
~ 

I01
_0
2

+0
3
_ 0
4 
1<1,

to ensure invertibility.

3.2 The model MA(1~ i,l,l,l). From (3.3) we find

1 1 1 n n1 2 k
= ( 1+ ~ F F B ) a

x , y,t
n
2

—l n
1

—l k=l 
n
1

,n
2
,k x y t x ,y, t

= a  
- 

a 
— 

+q a 
- -x ,y , t —l 11 x l, y  2 , t 2. 0 1]. x ,y 1, t I

+TI) a +1—il x+l,y-1 ,t-l lQlax .l y t ,l 
(3.2.1)

a +q, a +
001 x ,y , t 101 x+1,y,t—1

a +au x,y~l,t—1

Con sider the special case where 
~~~~~~~~~~~~~~~~~~~~~~~~~~

Letting tp
001

=—0
1
, 
~_lo1

=_0
2~ 

g,
101 

8
3~ ~o_ 1l =_ 0 4 and

we obtain

-O a -O a
x,y,t x,y,t 1 x,y,t—l 2 x—1 

0 a, y, t—l 3 x+l,y,t—l

- Ma  
— 

-O a  
—4 x ,y 1, t 1 5 x ,y+i, t 1

= I 1 — ( 0  +0 B +0 B 1+O 8 +8 8 1) B  I a
1 2 x  3 x  4 y  5 y t x , y , t

~.O ( LJ , B ,3 )a
x y t x ,y, t

J. -———- --.
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S u b s t i t u t i n g  into the autocovariance function

Y(B
x~

B
y~

B
t
)=0

a
(i_0

i
B
t
_ O
2
B
x
B
t
_ 0

3
B
x

B
t
_ 0
4
B
y
B
t
_ 0
s
B
;
1B
y
B
t
) x

(1—0 S~~ — 0 B ~B ~~~ B B 1
— 0 B 

1B ~~~ B B—ii t  2 x  t 3 x t  4 y t S y t )

and comparing with (1.9), we f ind the variance of the process is

1000 0z ~ 
f O~+ 0~+ 0~+ 8~+ f)

~)~~2

and

1001 0102 1100 8i (0
2+03

)c

~ lol = ° 2~~ ~~~~~~~~ 
04+05

)0~

~~~~~~ 
0~o~ 

~200 
0
2
0
3
0
2

~oii~~ 
04 0~ 

~O2O
0
4
0
5~a

y
110

= (0
2
0
5

+0
3
0
4
)0
2

02 04
+ 03 05

)

while all other autocovariances are zero. From these, we can ob-

tain the autocorrelations.

From (1.11), the power spectrum is given by

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~

(3.2.3)

For invertibiiity ,

fl(B
~~

B
~~

B
t
)=O

1 

~~x
’8y’

5
t~

= (i—Co +0 B +0 F +0 a +0 F )B1 2 x  3 x  4 y  5 y  t
2

must converge on X S.; hence we need
i=—2 ‘

t O + 0 B +O F +O B +O F <i1 2 x 3 x  4 y 5 y
and

t B t .~
l, 

~~~~ IB y k;l~ tF~~t~
l

Substituting in the values ±1 for the (dummy) variables results

in a system of inequalities that must be satisfied by the
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parameters to ensure invertibility . Aroian finds the values of

0. in terms of the essential correlations p
001’ ~~~~ 

p
20

,, p
01~ ’

and P02 , and

3.3 The model MA(2;l,1,l,i). We consider only a special

case of this model consisting of the model in section 3.2 except

wi th a lag of two in time. We obtain

+
lol

ax.l ,y , t...l
+I)

_lo2ax_1 ,y,t...2 (3. 3.1)

+
~
iI 001a

~~~ , ~~~~~~~~~~~~~~~~~~~~~~~~~ ,~~
, ~~~~~~~

4lo2 ax+l ,y ,~~...2
+

~
P 011a

~~,~~+1 ~..1
+l
~
J
012

a
~~~+i ,t—2

I..ettxng 
~~~~~~~~~ ~

I1_lol
=_ 0

2~ ~
‘10l °3’ ~o 1 l 4’ ~o1l

0
5~

~002
0
6~ ‘L’~~102 

0
7? 

~102~~~ 8
’ tl)o 1 2

=
~
O9~ ~012 

010? we can re-

write (3.3.1) as

z =(I —( f1 +0 ~ +0 F +0 8 +0 F )B —x ,y, t 1 2 x 3 x 4 y 5 y t (3.3.2)

(0 +0 B +0 F +0 B +0 F )B2 I a
6 7 x  8 x  9 y  lO y  t x,y,t

= 0(8 ,B ,B )a
x y t x ,y ,t

Substituting into the autocovariance generating function we

find the variance of the process is

10
I =o2=u+ )

~000 a . 1 a

and

‘4,

L
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y = c— o ’ + 8 0+0 0 +e 8+0 0 +0 0 )Ø2,
001 1 1 6 2 7  3 8 4 9  510 a

Ylo0= ( 0
1

0
2

+O
1

0
3
+8

6
O

7
+0

6
0
8

)0
~~

, 1110 = 0 2
0

4
÷0

3
0
5

+0 7 0
9+08

010
)a~

YQlO=( 0
1

0
4+ 0

1
0

5
+0

6
0
9

+8
6

0l&0
2 , Y111

= ( 0 3
0
9+0

5
0

7
)c1~~,

I ..0 +0 0 +0 8 )02 I =(0 0 +0e)02
101 1 1 7 3 6 a ’ —111 2 9 5 8 a ’

Yl_il~~
O3OiO+O4O7)0a

‘y
oll

= (_0
4
+0
1
0
9
+6
5
0
6
)0
2
, 

~~~~~~~~~~~~~~~~~~~~~ (3.3.3)
1

0 11= (_ 0
5

+0 10lo+0406)c
~~ Y Q12~~~

(0 g+0 lO )0a
2 2

1002 0
6
0a? 

~O2l (04010+8 589
) 0a

Y2o0
(0
2
0
3
+8
7
0
8
)O
~

? 1102=— (07+08)ci
2
,

b
020

=(0
4
0
5
+0
9
010)0 , 

~ 2O1 (020B+0307)o~~?

~~ 
~~

= (0 
2
0 ~+0 304

+0 70 10
4880 9

)0,

all other autocovariances being zero; from these we can determine

the autocorrelations .

Frets (1.11) the power spectrum is given by

2 ~i2lTgj i271g1 —i27Tg~ i2irg2 —2irf
P(g~f)=2c1~~t1_ (01

+e
2
e +03e +04

e +05e )e

—i2flg1 i2’7tg~ —i2rg2 i2lTg2 —4TTf 2
—(0

6
+0
7e 

+O e +0
9
e +~10e )e

For invertibility, rI(Bx~
B ,Bt)=0

’(B ,B 
~
B
~
) must converge on

X S .. Alternatively , the roots of 0(8 ,B ,B ) must be outside
i=-2 x y t

2
X S ., and we find

i=—2 
1

0 +8 a +0 F +0 B +0 F +0 +8 B +0 F +0 B +0 F <1 ,
6 7 x  8 x  9 y  l O y  1 2 x  3 x  4 y  5 Y

0 + O B + O F ÷O B +0 F-0 —O B —O F —0 B —O F <L,
6 7 x  8 x  9 y  l O y  1. 2 x  3 x  4 y  5 y

and
,0 +0 B +0 F +8 F +0 F 1<1.
6 7 ac  8 *  9y  lO y

— - -— - -
~~~~~~~~~ -.~•-.~~- -- . -.

~ -—-
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~;a•I t i t s ; t he variables equal to I lead~; t o  a sy~;t .em of

iII(•qu~t l it les Ira the ten parameters.

4. Conclusions . We have defined the properties of a gen-

eral moving average model of m—dimensional time series . Specific

one-dimensional and two-dimensional models have been investigated .

Further work remains to be done on moving average models of n time

series in m—dimensions .
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